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Description of dynamic x-ray scattering from freely standing smectic-A films
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The consequent description of the x-ray scattering from the free standing smectic-A films is suggested.
Calculations are based on the discrete model for the film dynamics. The scattering intensity temporal autocor-
relation function̂ I (t)I (0)& is obtained within the framework of this approach neglecting the multiple scatter-
ing and refraction effects. It is shown that the behavior of this function crucially depends on the film thickness.
In particular, in thin films containing less than 103 layers the time dependence of^I (t)I (0)& has damping
oscillation character. This behavior is determined by an acoustic mode that describes the film motion caused by
the action of the surface tension. For thick films containing more than 104 layers the dynamics of the intensity
temporal autocorrelation function is determined either by an acoustic mode or by a wide spectrum of modes
depending on the x-ray geometry. In both the cases the autocorrelation function is a relaxation one. The results
obtained are compared with the experiments on the coherent soft and hard x-ray scattering.
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I. INTRODUCTION

The layer displacements and the correlation functions
freely standing smectic-A (Sm-A) films are intensively stud-
ied both experimentally and theoretically@1–12#. The basic
experimental methods of studying the structure and the t
mal fluctuations in these systems are the analysis of
specular and the diffusion x-ray scattering data@1,4–6,8,11#.
The static properties of Sm-A films have been studied in
detail @1,4,5#. In recent works the attention is paid mostly
dynamic properties. A major progress was obtained in
experiments on the coherent soft and hard x-ray scatte
from the freely standing Sm-A films @6,8,11#. In these stud-
ies the scattering intensity temporal autocorrelation funct
^I (t)I (0)& has been measured. The experiments were
formed in the vicinity of the first Bragg peak. It was foun
that in thick films@6,8# with N;104, whereN is the number
of smectic layers, the autocorrelation function^I (t)I (0)& is
described by a model with a single relaxation time associa
with the film motion as a whole provided by the surfa
tension. In Ref.@11# the dynamic correlation function for thin
films with N;102 was studied and the damping oscillatio
have been found. Its behavior can be described by a sim
relation

^I ~ t !I ~0!&5A1B cosvt exp~2t/t!,

where the frequencyv and the relaxation timet are fitting
parameters. The analysis performed in Ref.@11# showed that
the order of the magnitude of these parameters are the s
as those describing the film motion as a whole under
action of the surface tension.

The question arises of the consistent description of
correlation function̂ I (t)I (0)& based on the Sm-A film dy-
namics equations. In this work we present calculations
^I (t)I (0)& in the framework of a discrete model. The sol
tion of the problem is based on the frequency spectrum
the dynamic displacement-displacement correlation fu
tions, which had been obtained in the previous study@12#.
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We show that the experimental results on the coherent
and hard x-ray scattering from Sm-A films may be described
by the simple analytical expressions both for thin and th
films.

The paper is organized as follows. In Sec. II we pres
the general relations for the scattering intensity temporal
tocorrelation function. Section III is devoted to the analy
of the obtained results on coherent soft and hard x-ray s
tering taking into account the experiment geometries. In c
clusion, possible experimental facilities are discussed.

II. BASIC EQUATIONS

In the first Born approximation the intensity temporal a
tocorrelation function̂ I (t)I (0)& of the x-ray scattering is
proportional to the square of the Fourier-transform of t
electron density autocorrelation function

^I ~ t !I ~0!&;uS~ t !u2, ~2.1!

where

S~ t !5^r~q,t !r~2q,0!&. ~2.2!

Herer(q,t) is the electron density Fourier transform andq
5(q' ,qz) is the scattering vector. Due to the layered stru
ture in the Sm-A films the electron density has a on
dimensional periodicity. We introduce the Cartesian coor
nate frame with thez axis directed normally to the film
surface. In the equilibrium the smectic layers are equidist
planes separated by the distanced. The first layer coincides
with the xy plane, and the film is located in the regionz
>0. In the N-layer Sm-A film the electron density can b
expressed as
©2002 The American Physical Society06-1
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r~r' ,z,t !5rs(
n51

N

rM@z2nd2un~r' ,t !#

5rs(
n51

N E dz1rM~z1!d„z12z1nd1un~r',t !…,

~2.3!

wherers is the surface molecular density in a layer,un(r' ,t)
is the nth layer displacement from the equilibrium positio
along thez axis, andrM is the linear electron density in
molecule.

Substituting Eq.~2.3! into Eq.~2.2! we get the correlation
function S(q' ,qz ,t) in the form
a

e
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S~q' ,qz ,t !5rs
2 (

n,m51

N E dr' exp~2 iq'•r'!

3E dz1rM~z1!E dz2rM~z2!3E dz8 exp

~2 iqzz8!E dz9 exp~ iqzz9!d„z82z12nd

2un„r' ,t)…d„z92z22md2um~0,0!…. ~2.4!

After integration of thed functions we have
S~q' ,qz ,t !5rs
2 (

n,m51

N E dr' exp~2 iq'•r'!3E dz1rM~z1!E dz2rM~z2!^exp@2 iqz$z12z21~n2m!d1un~r' ,t !

2um~0,0!%#&. ~2.5!
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Supposing the displacement fluctuations are Gaussian
integrating overz1 andz2 we get@6#

S~q' ,qz ,t !5rs
2urM~qz!u2 (

n,m51

N

exp@2 iqz~n2m!d#

3E dr' exp~2 iq'•r'!

3expS 2
qz

2

2
^@un~r' ,t !2um~0,0!#2& D .

~2.6!

Since the Sm-A film is isotropic in the layers plane w
can perform the integration over the angle betweenr' and
q' . Therefore the correlation function can be written as

S~q' ,qz ,t !52prs
2urM~qz!u2 (

n,m51

N

exp@2 iqz~n2m!d#

3expS 2
qz

2

2
@^un

2~0,0!&

1^um
2 ~0,0!&# DGnm~q' ,qz ,t !, ~2.7!

where

Gnm~q' ,qz ,t !

5E
0

L

r'dr'J0~q'r'!exp@qz
2^un~r' ,t !um~0,0!&#.

~2.8!
ndHereL is the linear size of the film,J0(x) is the zeroth-order
Bessel function,r' is the distance from thez axis. The de-
pendence of the correlation functionS(t) on time is deter-
mined by theGnm(q' ,qz ,t) function.

The dynamic displacement-displacement correlation fu
tion may be presented in the following form@6,12#:

^un~r' ,t !um~0,0!&5
1

2p E
2p/L

2p/u

dq'q'J0~q'r'!

3^un~q' ,t !um~2q',0!&, ~2.9!

wherea is the molecular transverse size.
Formally Eqs.~2.7!–~2.9! describe the intensity-intensit

temporal correlation function. It depends on the lay
displacement—layer displacement correlation functions.
obtain these functions we start from the well-known expr
sion for the free energy of the free standing Sm-A film

F5
1

2 E dr FBS ]u

]zD 2

1K~D'u!2G
1

g

2 E dr'~ u“'u1u21u“'uNu2!, ~2.10!

where B and K are the layer compression and layer be
elastic constants,g is the surface tension. This expressio
consists of the bulk and the surface contributions. Describ
the x-ray scattering it is convenient to use a discrete mo
for the free energy@2,6,12#

F5
1

2 E dr'H B

d (
n51

N21

~un112un!21dK(
n51

N

~D'un!2

1g@~“'u1!21~“'uN!2#J . ~2.11!
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The motion of each smectic layer depends on the ela
2d21(dF/dun), and viscous,h3D'(]un /]t), forces. Here
h3 is layer sliding viscosity. The set of equations of moti
of smectic layers for free standing film inv, q' presentation
has the form@6,12#

S rv21 ivh3q'
2 2

B

d22Kq'
4 2

g

d
q'

2 Du11
B

d2 u250,

S rv21 ivh3q'
2 22

B

d22Kq'
4 Dun1

B

d2 un211
B

d2 un11

50, n52,3,...,N21, ~2.12!

S rv21 ivh3q'
2 2

B

d22Kq'
4 2

g

d
q'

2 DuN1
B

d2 uN2150.

Note that to describe the film dynamics in the case
solid supported films we had to replace the last equation
the set~2.12! by a flat boundary condition

uN50.

For the calculation of the layer displacement-layer d
placement temporal correlation functions we can include i
the free energy the termFext connected with the externa
forces. This term has the form
n
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Fext52E dr' (
n51

N

un~r' ,t ! f n~r' ,t !. ~2.13!

In this case the set of equations of motion~2.12! becomes
nonhomogeneous with the solution

u5x̂f,

wherex̂ is the susceptibility matrix, and

u5S u1

u2

]

uN

D , f5S f 1

f 2

]

f N

D .

The spectral densities of the layer displacements corr
tion functions can be found by using the fluctuatio
dissipation theorem,

^un~q' ,t !um~2q',0!&5
ikBT

2p E
2`

` dv

v
@xmn* ~q' ,v!

2xnm~q' ,v!#e2 ivt, ~2.14!

where the elements of the susceptibility matrix are@12#
xnm5xmn5~21!n1m11
d

B

@Um21~x!1~12a!Um22~x!#@UN2n~x!1~12a!UN2n21~x!#

UN~x!12~12a!UN21~x!1~12a!2UN22~x!
, ~2.15!
of
for

m,n51,2, . . . ,N; n>m.

Here Un(x) are the Chebyshev polynomials of the seco
kind, @13,14#, thea andx values are given by relations

a5
dgq'

2

B
,

x5211
d2

2B
~rv21 ivh3q'

2 2Kq'
2 !. ~2.16!

The roots of denominator in Eq.~2.15! determine the
eigenfrequencies of the free standing Sm-A film,

v6
~ l !52 i

h3q'
2

2r
6S 2B

rd2 ~11x~ l !!1
Kq'

4

r

2
h3

2q'
4

4r2 D 1/2

, l 51,2, . . . ,N, ~2.17!

wherex( l ) are the roots of the characteristic equation@12#
d

@x112a#UN21~x!2aS 12
a

2 DUN22~x!50. ~2.18!

For the case of a solid supported films the equations
motion have the form

Â1u50, ~2.19!

where

u5S u1

u2

]

uN21

D ,

Ã15S ~2x112a! 1 0 ¯ 0 0 0

1 2x 1 ¯ 0 0 0

0 1 2x ¯ 0 0 0

] ] ] � ] ] ]

0 0 0 ¯ 2x 1 0

0 0 0 ¯ 1 2x 1

0 0 0 ¯ 0 1 2x

D .
6-3
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The existence of a nonzero solution of Eq.~2.19! results
in the characteristic equation

UN21~x!1~12a!UN22~x!50. ~2.20!

For each root of this equation the characteristic frequen
can be obtained from Eq.~2.17!. The sufficient difference
between the dynamics of freely standing and solid suppo
films is in the existence of low frequency acoustic mode w
v;q' in the freely standing films for smallq' . All eigen-
modes of the solid supported films are optical. Figures 1
2 show the dependencies of eigenfrequencies onq' in forth
layer film for both cases.

FIG. 1. Dependencies of the real part~solid line! and absolute
value of the imaginary part~dotted line! of eigenfrequency on the
wave number for the acoustical mode for free standing four-la
Sm-A film. The dimensionless frequencyv̄5vdAr/B and dimen-
sionless wave numberq̄5q'Adg/B are used.

FIG. 2. Dependencies of the real parts~solid and dashed lines!
and absolute values of the imaginary parts~dotted line! of eigenfre-
quencies on the wave number for the optical modes. Solid li
correspond to free standing four-layer Sm-A film and dashed lines
correspond to the solid supported one. The dimensionless frequ
v̄ and dimensionless wave numberq̄ are defined in caption to Fig
1.
02170
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III. ANALYSIS OF X-RAY SCATTERING

We apply the obtained results for the description of e
periments on the coherent x-ray scattering from freely sta
ing Sm-A films @6,8,11#. Performing the integration in Eq
~2.14! we can obtain the temporal correlation function
layer displacements in the form@12#

^un~q' ,t !um~2q',0!&

5(
l 51

N
kBT

l~ l !~q'!
vn

~ l !~q'!vm
~ l !~q'!

3
v2

~ l ! exp~2 iv1
~ l !t !2v1

~ l ! exp~2 iv2
~ l !t !

v2
~ l !2v1

~ l ! , ~3.1!

where kB is the Boltzmann constant,T is the temperature
and the valuel ( l )(q') is given by the relation@12#

l~ l !~q'!5
2B

d
~11x~ l !!1Kdq'

4 . ~3.2!

The components of the normalized eigenvectorv( l )(q')
corresponding to thel th eigenvibration are

vn
~ l !~q'!5

un
~ l !~q'!

A(
n51

N

@un
~ l !~q'!#2

, ~3.3!

un
~ l !~q'!5~21!n21@Un21~x~ l !!1~12a!Un22~x~ l !!#.

~3.4!

Heren and l are the layer and mode numbers, respective
Note, that fort50 Eq. ~3.1! describes the static correlatio
function

^un~q'!um~2q'!&5(
l 51

N
kBT

l~ l !~q'!
vn

~ l !~q'!vn
~ l !~q'!,

~3.5!

which is written as a series of eigenmodes. This static co
lation function agrees with those obtained previously in Re
@2,5#. This function was analyzed in detail in Refs.@2,5# for
free standing films and in Ref.@15# for solid supported films.

Usually the measurements are performed in the vicinity
the first Bragg peak withqz52p/d. The q' values are de-
pendent on the experiment geometry and typicalq' are
within the limits 103– 104 cm21 @6,8,11#. It is essential that
for these values of the scattering vector the expression
^I (t)I (0)& can be simplified significantly. The film size is o
the order ofL;1 cm.

For the typical Sm-A parameters the exponent in Eq.~2.8!
is sufficiently small even att50. Thus for qz;107 cm21

and ^um(0,0)un(0,0)&;20 Å, @2#, the exponent in Eq.~2.8!
is of the order of 0.2, and it decreases rapidly when the t
t in the correlation function increases. Therefore, we exp
the exponential in Eq.~2.8! in the Taylor series and accoun
for two first terms only

r

s

cy
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exp@qz
2^un~r' ,t !um~0,0!&#;11qz

2^un~r' ,t !um~0,0!&.
~3.6!

Taking into account Eq.~3.6! we present the function
Gnm(qz ,q' ,t) as a sum of two terms
c

02170
Gnm~qz ,q' ,t !5Gnm
~0!~qz ,q'!1Gnm

~1!~qz ,q' ,t !.
The time-dependent second termGnm
(1)(qz ,q' ,t) has the form

Gnm
~1!~qz ,q' ,t !5qz

2E
0

L

dr'r'J0~q'r'!^un~r' ,t !um~0,0!&. ~3.7!

Using Eq.~2.9! we get

Gnm
~1!~qz ,q' ,t !5

qz
2

2p E
2p/L

2p/a

dq'8 q'8 ^un~q'8 ,t !um~2q'
8 ,0!&3E

0

L

dr'r'J0~q'r'!J0~q'8 r'!. ~3.8!

The integral overr' is the Lommel integral. It is equal to@13,14#

E
0

L

dr'r'J0~q'r'!J0~q'8 r'!55 L
q'J0~q'8 L!J1~q'L!2q'8 J0~q'L!J1~q'8 L!

q'
2 2q'8

2 for q'
2 2q'8

2Þ0

L2

2
@J0

2~q'L!1J1
2~q'L!# for q'5q'8

~3.9!
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q.
This expression is the continuous function of the differen
q'2q'8 . Therefore we get

Gnm
~1!~qz ,q' ,t !5

qz
2L

2p E
2p/L

2p/a

dq'8 f ~q'8 ,q' ,L!q'8
2

3^un~q'8 ,t!um~2q'8 ,0!&, ~3.10!

where

f ~q'8 ,q' ,L!

5
q'J0~q'8 L!J1~q'L!2q'8 J0~q'L!J1~q'8 L!

q'8 ~q'
2 2q'8

2!
.

~3.11!

FIG. 3. Dependence of the functionf (q'8 ,q' ,L) defined by Eq.
~3.11! on the wave numberq'8 for L51 cm andq'5103 cm21.
eSince the displacement-displacement correlation function
haves as 1/q'8

2 for small q'8 , the product

q'8
2^un~q'8 ,t !um~2q'8 ,0!&

is the regular function ofq'8 . At the same timef (q'8 ,q' ,L)
is a rapidly oscillating function ofq'8 variable, and it has a
sharp peak atq'5q'8 . Figure 3 shows the behavior of th
function f (q'8 ,q' ,L).

Note that the upper integrating limit in Eq.~3.10! may be
extended to infinity while the low limit,qmin52p/L, is in-
troduced due to the Landau-Peierls instability that leads
the logarithmic divergence of the integral with the increas
of the film size. So Eq.~3.10! contains two contributions
The first of them is formed in the vicinity of the functio
f (q'8 ,q' ,L) peak, and the second one results from t
lower integration limit. In what follows the second input wi
be omitted since it is noticeably less than the peak contri
tion. In the intermediate region the functionf (q'8 ,q' ,L)
oscillates rapidly and has a small amplitude. As long as
function

q'8
2^un~q'8 ,t !um~2q'8 ,0!&

is smooth, it may be carried out from the integral in E
~3.10! in the pointq'8 5q' . Accordingly we have

Gmn
~1!~qz ,q' ,t !5^un~q' ,t !um~2q',0!&

qz
2q'

2 L

2p

3E
2p/L

2p/a

f ~q'8 ,q' ,L!dq'8 . ~3.12!
6-5
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The time-dependent correlation function

^un~q' ,t !um~2q',0!&

can be calculated with the aid of Eq.~3.1!, which contains
summation over all modes. For the typical values ofq'

;103– 104 cm21, the summation may be simplified. Actu
ally, the amplitudes of various mode fluctuations,kBT/l ( l ),
where l 51, . . . ,N, are significantly different. In order to
illustrate this we consider the relation between fluctuat
amplitudes of thel th and the first mode. Using Eq.~3.2! we
can write

kBT/l~ l !

kBT/l~1! 5
l~1!

l~ l ! 5
11x~1!1Kd2q'

4 /~2B!

11x~ l !1Kd2q'
4/~2B!

'
11x~1!

11x~ l ! ,

~3.13!

where@12#

x~1!5211
a

N
, ~3.14!

x~ l !52cos
~ l 21!p

N
1

2a

N
cos2

~ l 21!p

2N
.

In particular, forl 52 andq'5103 cm21 we get

l~1!

l~2! '
aN

2p2 5
dgq'

2 N

2Bp2 ;2N31028. ~3.15!

For the modes withl .2 the ratio~3.13! is even less.
As it follows from Eqs.~3.2! and~3.13!–~3.15! the mode

with l 51 has the largest amplitude and either the smal
characteristic frequency or the largest relaxation time. The
fore, in Eq. ~3.1!, we may take into account the first mod
only for not too thick films. This is an acoustic mode th
describes the synchronous motion of all smectic layers w
the interlayer distances are constant. In this case the cor
tion functions^un(q' ,t)um(2q',0)& are equal for any laye

FIG. 4. Calculated time dependence of the scattering inten
autocorrelation function for 100-layer-thick film,q'5103 cm21.
The inset shows the experimental results for 95-layer-thick fi
from @11#. Units are the same in the inset and in the environme
02170
n

st
e-

t
n
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numbersn andm. Thus the valueS(t), which according to
Eq. ~2.1! determines the intensity autocorrelation functi
^I (t)I (0)&, has the form

S~ t !5C~qz!F E
0

L

r'J0~q'r'!dr'

1
kBTLqz

2

4pg

v2
~1! exp~2 iv1

~1!t !2v1
~1! exp~2 iv2

~1!t !

v2
~1!2v1

~1!

3E
2p/L

2p/a

f ~q'8 ,q' ,L!dq'8 G , ~3.16!

where

C~qz!52prs
2urM~qz!u2 (

n,m51

N

exp@2 iqz~n2m!d#

3expS 2
qz

2

2
@^un

2~0,0!&1^um
2 ~0,0!&# D . ~3.17!

And the frequenciesv6
(1) are equal to

v6
~1!56F2gq'

2

rdN
2S n3q'

2

2r D 2G1/2

2 i
h3q'

2

2r
. ~3.18!

The value

q'
~M !5A~8gr/h3

2dN!

ty

.

FIG. 5. Calculated time dependence of the scattering inten
autocorrelation function forq'5103 cm21, for the films of various
thickness:~a! N56, ~b! N51000.
6-6
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DESCRIPTION OF DYNAMIC X-RAY SCATTERING . . . PHYSICAL REVIEW E65 021706
separates the regions of oscillating and relaxation moti
for the acoustic mode. For the valueq';103 cm21 in thin
films with N,(8gr)/(h3

2dq'
2 );800 the intensity tempora

autocorrelation function in x-ray scattering experiments
to be oscillating whereas in thick films its behavior has to
relaxational.

IV. DISCUSSION

Figures 4 and 5 shows the correlation function^I (t)I (0)&
for films of various thickness. Calculations have been p
formed according to Eqs.~2.1! and~3.16!. Note that the first
term in Eq.~3.16!, *0

Lr'J0(q'r')dr' , is very sensitive to
the value ofLq' contrary to the second term in Eq.~3.16!.
Since in the x-ray experiments the sum of the waves in
intervalq' min<q'<q' max is recorded this term may be use
as a fitting parameter in the experimental data process
The second term in Eq.~3.16! describing the temporal de
pendence does not contain any fitting parameters. In Fi
the fitting parameter is chosen to make consistent the
merical results with the experimental data for the 95-la
film @11#. Figure 5~b! shows the correlation function in th
thick film. This function is a relaxation one and is consiste
with the experimental results@6,8#.

The essential role of the acoustic mode for the cohe
x-ray scattering description was established. The estim
~3.13! and ~3.15! for the ratio of amplitudes of variou
B

e

e

D

n

o
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modes indicate that the possibility to restrict our consid
ation to an acoustic mode is justified only forq' being not
too large,

q'!S g

KdND 1/2

;
107

AN
cm21.

In particular this estimate shows that taking into account
acoustic mode only is valid for thin films. In this relation it
interesting to investigate the x-ray scattering from thin film
with N;10– 20 where according to our calculations, the a
tocorrelation function̂ I (t)I (0)& should have an oscillating
character with large amplitudes.

At the same time for thick films this approach is valid f
rather smallq' . If q';104– 105 cm21 the contribution of
the remaining modes is essential. In this case one may ex
that for such films the decay of the dynamic correlation fun
tion should be described by the wide relaxation spectrum

The rather simple description of the dynamic x-ray sc
tering is based on the expansion~3.6!. It is valid for not too
large qz ,qz;107 cm21. If qz considerably exceeds thi
value, the expansion~3.6! may be used for the times at whic
the correlation function̂un(r' ,t)um(0,0)& is noticeably de-
creased. The initial behavior of the function^I (t)I (0)& may
be numerically calculated by the general Eqs.~2.1!, ~2.6!–
~2.9!, and~3.1!.
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